In this article we introduce and study some spaces of I-convergent sequences of double interval numbers with the help of a double sequence F = ( f i, j ) of modulii and double bounded sequence p = (p i, j ) of positive real numbers. We study some topological and algebraic properties, prove the decomposition theorem and study some inclusion relations on these spaces.
Introduction
Recently, Chiao [4] introduced the sequences of interval numbers and defined usual convergence of sequences of interval numbers. Sengönül and Eryimaz [28] introduced and studied bounded and convergent sequence spaces of interval numbers and showed that these spaces are complete.
A set(closed interval) of real numbers x such that a ≤ x ≤ b is called an interval number. [4] A real interval can also be considered as a set. Thus, we can investigate some properties of interval numbers for instance, arithmetic properties or analysis properties. Let us denote the set of all real valued closed intervals by IR. Any element of IR is called a closed interval and it is denoted byĀ = [x l , x r ]. IR is a quasilinear space under the algebraic operations and partial order relation for IR found in [28, 31] . and any subspace of IR is called quasilinear subspace.
The set of all interval numbers IR is a complete metric space defined by d(Ā 1 ,Ā 2 ) = max| x 1 l − x 2 r |, | x 2 l − x 2 r |. See( [17, 28] ) (1) where x l and x r are the first and last point ofĀ respectively.
Vakeel A. Khan and Mohd. Shafiq defined the transformation f from N to IR by k → f (k) =Ā ,Ā = (Ā k ). The function f is called sequence of interval numbers, whereĀ k is the k th term of the sequence (Ā k ). Let us denote the set of sequences of interval numbers with real terms by
The following definitions were given by Sengönül and Eryimaz [28] . 
Let us denote the set of double sequence of interval numbers by More exactly, we say that a double sequence of interval numbersĀ = (Ā i, j ) converges to a finite interval numberĀ 0 if A i, j tends toĀ 0 as both i and j tend to infinity independently of each another.Ā = (Ā i, j ) is said to be null ifĀ 0 =0. 
Definition 2. An interval valued double sequenceĀ = (Ā i, j ) is bounded if there exists a positive number M such that
Let us denote the space of all double convergent, double null and double bounded sequences of double interval numbers by 2 c(Ā ), 2 c 0 (Ā ) and 2 ℓ ∞ (Ā ) respectively.
The spaces 2 c(Ā ), 2 c 0 (Ā ) and 2 ℓ ∞ (Ā ) are complete metric spaces with the metriĉ
If we takeB i, j =0 in (4), then the metricd reduces tô
In this paper we assume that a norm Ā i, j of the double sequence of interval numbers (Ā i, j ) is the distance from (Ā i, j ) tō 0 and satisfies the following properties: For allĀ i, j ,B i, j ∈ 2 λ (Ā ) and for all α ∈ R, 
The notion of I-convergence was initially introduced by Kostyrko, et. al [15] as generalization of statistical convergence(See [6] , [27] ) which is based on the structure of the ideal I of subsets of natural numbers N. Kostyrko, et. al. gave some of basic properties of I-convergence and dealt with extremal I-limit points. Although an ideal is defined as a heredity and additive family of subsets of a non-empty arbitrary set X, here in our study it suffices to take I as a family of subsets of N, positive integers, i.e.I ⊂ 2 N , such that A ∪ B ∈ I for each A, B ∈ I, and each subset of an element of I is an element of I.
A non-empty family of sets F ⊂ 2 N is a filter on N if and only if φ / ∈ F , A ∩ B ∈ F , for each A, B ∈ F , and any superset of an element of F is an element of F . An ideal I is called non-trivial if I = φ and N / ∈ I. Clearly I is non-trivial ideal if and only if F = F (I) = {N − A : A ∈ I} is a filter in N, called the filter associated with the ideal I. A non-trivial ideal I is called admissible if and only if {{n} : n ∈ N} ⊂ I. A non-trivial ideal I is maximal if there can not exist any non-trivial ideal J = I containing I as a subset. Recall that a sequence x = (x k ) of points in R is said to be I-convergent to a real number ℓ if {k ∈ N :| x k − ℓ |≥ ε} ∈ I for every ε > 0( [15] ). In this case we write I − limx k = ℓ. The notion of I-convergence double sequence was initially introduced by Tripathy and Tripathy(See [31] ).
(i) is said to be I-convergent to an interval numberĀ 0 if for every ε > 0,
In this case we write I − limĀ i, j =Ā 0 . IfĀ 0 =0. Then the sequenceĀ = (Ā i, j ) ∈ 2 ℓ ∞ (Ā ) is said to be I-null. In this case we write I − limĀ i, j =0.
(ii) is said to be I-Cauchy, if for every ε > 0, there exist numbers m = m(ε), n = n(ε) such that
(iii) is said to be I-bounded, if there exists some M > 0 such that 
Definition 4. A sequence space 2 λ (Ā ) of double sequence of interval numbers,
A canonical preimage of a step space 2 µ 
is continuous from the right at zero.
A modulus function f is said to satisfy △ 2 -condition for all values of u if there exists a constant
The idea of modulus function was introduced by Nakano in 1953,(see [20] , Nakano, 1953) .
For any modulus function f , we have the inequalities
Ruckle [21] [22] [23] used the idea of modulus function f to construct the sequence space
After then, E. Kolk [12, 13] gave an extension of X( f ) by considering a sequence of moduli F = ( f k ) and defined the sequence space
Now we give an extension of X( f ) by considering a double sequence of modulii F = ( f i, j ) and define the sequence space
Mursaleen and Naman [18] introduced the notion of λ -convergent and λ -bounded sequences.
Vakeel A. Khan and Mohd. shafiq extended this concept to the sequence of interval numbers as follows:
be a strictly increasing sequence of positive real numbers tending to infinity. That is
The sequenceĀ = (Ā k ) ∈ ℓ ∞ (Ā ) is λ -convergent to an interval numberĀ 0 , called the λ -limit ofĀ , if ∧ m (Ā ) →Ā 0 as m → ∞, where
Any term with a negative subscript is equal to naught. For example λ −1 = 0.
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In particular, 
This implies that
which yields that
On generalizing the above notation we introduce the concept of λ -convergence and λ -boundedness for double sequence of interval numbers.
Let λ = (λ i, j ) be a strictly increasing double sequence of positive real numbers tending to infinity. That is, 0
The double sequenceĀ = (Ā i, j ) ∈ 2 ℓ ∞ (Ā ) is said to be λ -convergent to an interval numberĀ 0 , called the λ -limit ofĀ , if ∧ i, j (Ā ) →Ā 0 , as i, j → ∞, where
Here and in the sequal, we shall use λ −1,−1 = 0.
In particular,Ā = (
Pringsheim's sense of convergence of double interval numbers, then
which yields that lim 
Definition 9. [30] LetX be the space of interval numbers. A function g :X → R is called a paranorm onX, if for all
A, B ∈X, (P 1 ) g(A) = 0, if A =0, (P 2 ) g(A) ≥ 0, (P 3 ) g(−A) = g(A), (P 4 ) g(A + B) ≤ g(A) + g(B), (P 5 ) if λ n is a sequence of scalars with λ n → λ (n → ∞) and (A n ), A 0 ∈X with g(A n ) → g(A 0 )(n → ∞) then g(λ n A n −λ A 0 ) → 0 (n → ∞), (P 6 ) If A ≤ B,
then g(A) ≤ g(B).
In this article, we introduce and study the following classes of double sequences:
Let I be an ideal of N × N and (p i, j ) be a double bounded sequence positive real numbers.
We also denote
is a double bounded sequence of interval numbers. If we take p = (p i, j ) = 1 for all (i, j) ∈ N × N, we have 
M ≤ 1 and M > 1, using Minkowski's inequality, we have
.
. That is to say that scalar multiplication is continuous. (P6) Since each f i, j , (i, j) ∈ N × N is an increasing function, it is clear that g(Ā ) ≤ g(B), ifĀ ⊆B.
For ε > 0, we have
We choose
Then, (Ā n ) is a Cauchy sequence of interval numbers, so there exists some interval numberĀ 0 such thatĀ n →Ā 0 . as n → ∞.
(2) Let 0 < δ < 1 be given. Then, we show that, if
The number q 0 can be chosen that together with (23), we have
Then, we a subset S of N such that S c ∈ I, where
Then, the result follows from (24) . Since the inclusions 2 
are strict so in view of Theorem 2.2 we have the following result. 
which further implies that 
. Then, there exists interval numberĀ such that the set
Let (m t , n t ) be an increasing double sequence with
and from the inclusion
We getĀ i, j =B i, j for a.a.(i, j).r I. Then for any ε > 0, and Lemma 1.2, we have
Therefore, from (26) , (27) and (28) Proof. LetĀ = (Ā i, j ),B = (B i, j ) ∈ 2 C I 0 (Ā , ∧, F , p), then the sets
and
Therefore, from (31) and (32), we have
Thus,Ā .B ∈ 2 C I 0 (Ā , ∧, F , p). Hence 2 C I 0 (Ā , ∧, F , p) is a sequence algebra. Similarly, we can prove that 2 C I (Ā , ∧, F , p) is a sequence algebra.
